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Itendues

Definition:AGrothendieck topos A is called an etendue

if there is an objectAtA such that:

· A+1 is epic

· the slice topos AAis locatic

Slogan:Etendues are the Gothendieck topoi that

locally look like a locale.

Examples:Set"Set, Top(X,G), Set
2" where all morphisms

/ S S
G (N,s) 6x1 ↓C

1 in 2 are monic maps

CE2



Presentations of etendues:localic groupoids
ON OBJECTS

The classifying topos ofan etale localic groupoid is an etendue.

ISGA4, Joyal-Tierney]:Any etendue can be recovered as the

classifying topos ofan etale locatic groupoid.
1- CATEGORICALLY

[Moerdijk]:There is a functor B: [tale groupoids] -> [Etendues]

inducing an equivalence [Etale groupoids] [w]= [Etendues]

BICATEGORICALLY (for spatial etendues
Lessential equivalences

(Prond]:There isa bifunctor B: [tale groupoids] -> [Etendues]

inducing a biequivalence [M-Etale groupoids] [w]= [T1-Etendues]
Lessential equivalences



Presentations of etendues:sites with only monics

Definition:Asmall category is called leftcancellative ifall its

morphisms are monic.

Example:Aleftcancellative category with one objectis

a left cancellative monoid.

ON OBJECTS

[Rosenthal]:The topos ofsheaves on a leftcancellative

Grothendieck site is an etendue.

[Kock-Moerdijk]:Any etendue can be recovered as a topos

of sheaves on a left cancellative site.



Presentations of etendues:Ehresmann sites I

Definition:An ordered groupoid is an internal groupoid 6

in the category ofposets with domain diG-Go a fibration.

[DeWolf-Pronk]:We can interpretG as a double category:
f

order A =>B - objects in Go Al A--z B'
N

in G- partial order +any ↓ 5!IxI
AE B' in Go

AB AB
f'
objectin G

Definition:An Ehresmann topology E on an ordered groupoid G is an

assignmentfor all AtG ofa collection ECA) ofvertical sieves on A

(i.e. downclosed subset ofAl subjectto:

(1) HA - ECA)
f Al

(2) For all SEECA) and all
B-
I, the vertical ideal f*S=E(B)

153) Let Set (A) and RIHA. If for all
B=- ins, f*Rez(B)=> ReECA).
A



Presentations of etendues:Ehresmann sites II

Definition:An Ehresmann site is an ordered groupoid endowed
with an Ehresmann topology.
Definition:Apresheeton an Ehresmann site (G,E) is a double

functor F:PPP->Set. Asheafon 16,7) is a presheaf s.t.

for all At G, SEECA) and "compatible family"(Sief(Ail)Ai=A ins
there exists a unique seF(A) glueing the family.
ON OBJECTS

LLawson-Steinberg]:The category ofsheaves on an Ehresmann
site isan etendue.

(DeWolf-Pronk]:Any Stendue is the category ofsheaves on

an Ehresmann site.



Leftcancellative sites & thresmann sites I

1- CATEGORICALLY each AfGr
is than

~ a uniquemaximal/ordered groupoids]max element Sthresmann sites]masa
24 La mee

↓
a Co (Etendues]

[Leftcancellative cats]
+topology [Left cancellative sites]

H

[Lawson] LLawson-Steinberg]

BICATEGORICALLY

/ordered groupoids]max Sthresmann sites]masa
24 1151C biequivalencemee G4s1C (A (Etendues]

[Leftcancellative cats] +topology [Left cancellative sites]
5nH

IDeWolf-Pronk]



Leftcancellative sites & thresmann sites II

ShEl-[Ehresmann sites]
masa
Es [Ehresmann sites] (WEEs⑲ Max

I= (Etendues] ~ I= (Etendues]

(left cancellative sites]
shall

(Leftcancellative sites] (Will*shot

Using [Grothediecksits] [C]* [Grothendieck topoi], we

have thatour mostnatural candidate for WI is (Cheft caric.
However, the cospan representing a geometric morphism
between etendues may nothave a left cancellative vertex!

FishAL-yoy st. ShadelEist but 2 not
left canc A left cancellative



Inlarging (left cancellative sites]:Step 1
we transportthe notion oflocally monic map for topoi (Kock-Moerdijk]
to Gothendieck sites:

Definition:Let (2,T) be a brothendieck site. We say thata

morphism f:A-1Bin 2 is locally monic if there exista

covering (9::Ai+Al, such thatfg;is a monomorphism vitz.

Remark:Monic maps are locally monic.

Proposition:Let C2,TI be a site in which each morphism is

locally monic. Then She,T) is an etendue.
ShH

[Left cancellativeswaymonic site] [Stendue]



Inlarging (left cancellative sites]:Step 2

we transportthe notion oftorsion-free objectfor topoi (Kock-Moerdijk]
to Gothendieck sites:

Definition:Let (2,T) be a brothendieck site. We say thatan

objectXee istorsion-free ifevery morphism with codomain

Xis locallymonic. We say (e,T) is generated by torsion-free
objects if every objecthas a covering by torsion-free objects.
Remark:Ifall morphisms in a site are locally monic, then the

site is generated by torsion-free objects.
Proposition:If (e,T is generated by torsion-free objects,then ShCE,T)
is an etendue.

Shl-l

(site]n(TFGSite)(Etendue]



TFG sites:Bicategory of fractions

Definition:Amorphism ofGothendieck sites f: (A,Ts) -> 18,501

(i.e. covering -preserving covering
- flatfunctor) is an LC-morphism if:

I
· f is "essentially surjective up tocoverings in 18,T)"from

/ emme de

·f is "fully-faithful up tocoverings in (A, Ts). Comparaison
Proposition:The class of LC-morphisms in [TFGSite] admits

a left calculus of fractions.

Theorem:The pseudofunctor ShH: [TFGsite] ->[itendue] sends

LC-morphisms toequivalence and induce a biequivalence

ShH: [TFGsite][LC-=, [Etendue]



Enlarging [Ehresmann site):Step1
ORDEREDGROUPOID G

f FIA
Eorder A-B- objects in Go Al A----

inGNIN- partial order to any ↓ 5!I M
AE B'

AB AB
f'
objectin G

groupoid internal to poset domain is a fibration

ORDERED CATEGORY P

f FIA
order A -> B- objects in Po Al A----

-
N any

in P1N1IN- partial order +
↓
IB 5!I MfA-B in Po A-B

fl
&objectin Pr

category internal to poset domain in a discretefibration

Two DIFFERENCES:111Horizontal arrows are notisos (2) discretefibration



Enlarging [Ehresmann site):Step2
ORDERED CATEGORY P

forder A -> B - objects in Go Al A----

inG1⑧↓ N I"- partial order +any ↓ 5!I N B
f

A-B in Go
A=xB A- B

fl
&objectin G

category internal to Poset domain in a discretefibration

TOPOLOGICAL INFORMATION

VERTICAL DIRECTION HORIZONTAL DIRECTION

Idea:We want a single horizontalEhresmann topology arrow tobe "covering"and this
compatibly with the vertical topology



Enlarging [Ehresmann site):Step3

HORIZONTAL TOPOLOGICAL INFORMATION

#Q For any diagram

f

to there acistfigec, s.t. gts Is->

f,gt P1

RE Every 1 in P is a horizontal regular epi
-

va For
any diagramitthereacist fell, and a2-cllissiftPs

Definition:Ageneralized Ehresmann site =pordered category + vertical
Ehresmann topology 5+HQ +Rt + VQ



Enlarging [Ehresmann site):Step4

[TENDUE-LIKEBEHAVIOUR

Definition:Ahorizontal arrow ABin P is locally monic
if there exists a vertical covering family (A; ->Ali-s.t. for
all ieI flAi is a chorizontal) isomorphism.

Definition:An objectXin 4 is torsion-free if every horizontal
morphism Ax is locally monic.

Definition:Ageneralized Ehresmann site (P,51 is torsion-free

generated if each objectAtP has a vertical covering
(A, ->Alizz in the topology T such thatVic] there isa

horizontal arrow BiA;with Bi torsion-free object.



Sheaves onTFG generalized Ehresmann sites

Definition:

· Apresheeton a TFG generalized Ehresmann site (P, 51 is
a double functor F:PPPoP-> Set.

· ApreshetFon (P,51 is called a sheatif

12) itis a sheat for the Ehreemann topology J

12) for all ABhorizontal arrow and all xeF(A)

self-compatible element Li.e. for all pairs x2x, NA A

S. t. fxg=flych we have F(X7,x)()=F(x*()()),there
exists a unique ye F(B) with FCf)(y)=x.



TFG generalized Ehresmann & TFG Grothendiech sites 1

Proposition:To any TFG generalized Ehresmann site (P,51 we

can associate a TFG Gothendieck site G(P,51 such that

ShelP,J1=Sh, (GCP,51).

Description of G(P,J)

OBJECTS MORPHISMS TOPOLOGY

the objects of4 formal compositions (A; ,A-A)ie
A ,A=B covers iff (A*A)iez

covers in (P,51

corollary:If (P,5) isa TFG generalized Ehresmann site
then ShyCP, J) isan etendue.



TFG generalized Ehresmann & TFG Grothendiech sites 2

Proposition:To any TFG Gothendieck site (C,T) we can

associate a TFG generalized Ehresmann site ECG,T) such

thatShG,T)
=She/ECGTI).

Construction of ECG,T) 2 OBJECTS 2-CELLS h:A+C

1
subobjects ofE 14A (m:A4B] (n:C4D]

Find (G,T1+ CE,F)LC-morphism I comm. I
·TFG

S [m:A,B] ↳
(m:A'xB]-> (n: C4D]

· finitely complete
· reg. epi-mono

TOPOLOGY:((Ai4A]- (A4A]) covering iffstable orthogonal FS
lic Alliet covering for F

Corollary:Any stendue can be recovered on a category ofsheaves
on a TFGgeneralized thresmann site.



Presentations of etendues:TFG generalized Ehresmann sites

ON OBJECTS

Theorem:If (P,5) isa TFG generalized Ehresmann site
then ShyCP, J) isan etendue.

Theorem.Any stendue can be recovered on a category of sheaves

on a TFGgeneralized thresmann site.

BICATEGORICALLY ⑱ work currently in progress

We know:
TFG Grothendieck+pullbacks (LC) =(Etendues]I I+RE -M stable orthogonal FS

We claim: I I IIfGothendiecktpullba= (FegeneralizedEhren
in



#
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