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Based strong vector spaces

k �eld, Γ set, F ⊆ P(Γ) ideal containing the ideal of �nite subsets.

De�nition

k(Γ,F) := {x ∈ kΓ : suppx ∈ F}.

f : k(Γ,F)→ k(∆,G) linear, is strongly linear i�

∀(xi)i∈I ∈ k(Γ,F)I summable →

{
(fxi)i∈I ∈ k(∆,G)I summable∑

i∈I fxi = f
∑

i∈I xi

BΣVect is the category whose objects are the k(Γ,F)s and whose arrows
are strong linear maps between them.

P.Freni (University of Leeds) Strong Vector Spaces 24/05/2023 2 / 16



Based strong vector spaces

k �eld, Γ set, F ⊆ P(Γ) ideal containing the ideal of �nite subsets.

De�nition

k(Γ,F) := {x ∈ kΓ : suppx ∈ F}.
k(Γ, {�nite subsets of Γ}) ∼= k⊕Γ

k(Γ,P(Γ)) = kΓ

Γ ↪→ k(Γ,F), identify γ with δγ(γ′) =

{
1 if γ = γ′

0 otherwise

f : k(Γ,F)→ k(∆,G) linear, is strongly linear i�

∀(xi)i∈I ∈ k(Γ,F)I summable →

{
(fxi)i∈I ∈ k(∆,G)I summable∑

i∈I fxi = f
∑

i∈I xi

BΣVect is the category whose objects are the k(Γ,F)s and whose arrows
are strong linear maps between them.

P.Freni (University of Leeds) Strong Vector Spaces 24/05/2023 2 / 16



Based strong vector spaces

k �eld, Γ set, F ⊆ P(Γ) ideal containing the ideal of �nite subsets.

De�nition

k(Γ,F) := {x ∈ kΓ : suppx ∈ F}.
k(Γ, {�nite subsets of Γ}) ∼= k⊕Γ

k(Γ,P(Γ)) = kΓ

Γ ↪→ k(Γ,F), identify γ with δγ(γ′) =

{
1 if γ = γ′

0 otherwise

f : k(Γ,F)→ k(∆,G) linear, is strongly linear i�

∀(xi)i∈I ∈ k(Γ,F)I summable →

{
(fxi)i∈I ∈ k(∆,G)I summable∑

i∈I fxi = f
∑

i∈I xi

BΣVect is the category whose objects are the k(Γ,F)s and whose arrows
are strong linear maps between them.

P.Freni (University of Leeds) Strong Vector Spaces 24/05/2023 2 / 16



Based strong vector spaces

k �eld, Γ set, F ⊆ P(Γ) ideal containing the ideal of �nite subsets.

De�nition

k(Γ,F) := {x ∈ kΓ : suppx ∈ F}.
(xi)i∈I ∈ k(Γ,F) is summable i�

∀γ ∈ Γ|{i ∈ I : γ ∈ suppxi}| < ℵ0⋃
{suppxi : i ∈ I} ∈ F .

in which case
(∑

i∈I xi
)

(γ) =
∑

i∈I xi(γ).

f : k(Γ,F)→ k(∆,G) linear, is strongly linear i�

∀(xi)i∈I ∈ k(Γ,F)I summable →

{
(fxi)i∈I ∈ k(∆,G)I summable∑

i∈I fxi = f
∑

i∈I xi

BΣVect is the category whose objects are the k(Γ,F)s and whose arrows
are strong linear maps between them.

P.Freni (University of Leeds) Strong Vector Spaces 24/05/2023 2 / 16



Based strong vector spaces

k �eld, Γ set, F ⊆ P(Γ) ideal containing the ideal of �nite subsets.

De�nition

k(Γ,F) := {x ∈ kΓ : suppx ∈ F}.
(xi)i∈I ∈ k(Γ,F) is summable i�

∀γ ∈ Γ|{i ∈ I : γ ∈ suppxi}| < ℵ0⋃
{suppxi : i ∈ I} ∈ F .

in which case
(∑

i∈I xi
)

(γ) =
∑

i∈I xi(γ).

f : k(Γ,F)→ k(∆,G) linear, is strongly linear i�

∀(xi)i∈I ∈ k(Γ,F)I summable →

{
(fxi)i∈I ∈ k(∆,G)I summable∑

i∈I fxi = f
∑

i∈I xi

BΣVect is the category whose objects are the k(Γ,F)s and whose arrows
are strong linear maps between them.

P.Freni (University of Leeds) Strong Vector Spaces 24/05/2023 2 / 16



Based strong vector spaces

k �eld, Γ set, F ⊆ P(Γ) ideal containing the ideal of �nite subsets.

De�nition

k(Γ,F) := {x ∈ kΓ : suppx ∈ F}.
(xi)i∈I ∈ k(Γ,F) is summable i�

∀γ ∈ Γ|{i ∈ I : γ ∈ suppxi}| < ℵ0⋃
{suppxi : i ∈ I} ∈ F .

in which case
(∑

i∈I xi
)

(γ) =
∑

i∈I xi(γ).

f : k(Γ,F)→ k(∆,G) linear, is strongly linear i�

∀(xi)i∈I ∈ k(Γ,F)I summable →

{
(fxi)i∈I ∈ k(∆,G)I summable∑

i∈I fxi = f
∑

i∈I xi

BΣVect is the category whose objects are the k(Γ,F)s and whose arrows
are strong linear maps between them.

P.Freni (University of Leeds) Strong Vector Spaces 24/05/2023 2 / 16



Examples - why do we care

If < is a total order on Γ and
F ⊆WO(Γ, <) = {S ⊆ Γ : S is well ordered} then k(Γ,F) has a
valuation

v : k(Γ,F) 6=0 → Γ v(x) = min suppx.

Fact: k(Γ,WO(Γ)) is isomorphic to the H-injective hull of any
(V, v : V 6=0 → Γ) with 1-dimensional ribs, where H is the class of
immediate extensions of valued vector spaces.

If (Γ, <, ·) ∈ oAb, then on k(Γ,WO(Γ)) there is a unique product
extending the product of Γ along γ 7→ γ̃ := δγ,− which is strongly linear in
both arguments.

Example 1

if Γ = xZ, then k(Γ,WO(Γ)) = k((x)).

if Γ = xQ and F consists of the well ordered subsets generating a
�n.gen. subgroup then k(Γ,F) is the �eld of Puiseux series.
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Fixing an ugly de�nition

Ob(BVect) = {k⊕I : I ∈ Set}, BVect(k⊕I ,k⊕J) = Vect(k⊕I ,k⊕J).

Proposition 1

The assignment below de�nes a k-additive functor BVectop → BΣVect
which is fully faithful.

k⊕I

k⊕J

f 7→
k(I,P(I)) = kI ∼= (k⊕I)∗

k(J,P(J)) = kJ ∼= (k⊕J)∗

f∗

Remark: (xi)i∈I ∈ k(Γ,F)I is summable i� xi = fδi for a (unique) s.l.
f : kI → k(Γ,F). Notice δi ∈ kI corresponds to the
i-th-coe�cient-selecting functional δi ∈ Vect(k⊕I ,k).
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Reasonble Cats of strong vector spaces (i)

ι : Vectop → C fully faithful k-additive functor. For it to be a category of
strong vector spaces we would like that:

C(ιk,−) is faithful

{summable I-families in C(ιk, X)} ∼ C(ι(k⊕I), X)

(xi)i∈I ∈ C(ιk, X)I should be summable i� xi = f · ι(δi) for some

f ∈ C(ι(k⊕I), X) in which case
∑
i∈I xi · ki = C(ιk, f) · (ki)i∈I .

C(ι(k⊕I), X) C(ιk, X)I
C(ι(δi),X)i∈I

we want the above map to be one-to-one

each f̄ : C(ιk, X)→ C(ιk, Y ) has the form C(ιk, f) i� it preserves
summability and sums.
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Reasonble Cat.s of strong vector spaces (ii)

De�nition

A fully faitfhul and locally small k-additive extension ι : Vectop → C is a
reasonable cat. of strong vector spaces if

A1 ι is dense

A2 ιk is a separator

A3 C(ι(δi), X)i∈I : C(ι(k⊕I), X)→ C(ι(k), X)I is one-to-one for every
set I.

Example: BΣVect is a reasonable cat. of strong vector spaces.

Remark: (A2) is redundant.

Remark: (A1) implies that C is equivalent to a full subcategory (extending
the subcategory of representables) of the category [Vect,Vect]k of
k-additive functors F : Vect→ Vect and natural transformations.
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Reasonble Cat.s of strong vector spaces (ii)

C [Vect,Vect]k Psh(Vectop)
C(ι,−) U∗
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Reasonble Cat.s of strong vector spaces (ii)

Wlog

C ⊆ [Vect,Vect]k

ι is the Yoneda embedding, ιV = Vect(V,−)

C(ι(k⊕I), X) = Nat(Vect(k⊕I ,−), X) ∼= Nat(Vect(k,−)I , X)

C(ιk, X)I = Nat(Vect(k,−), X)I ∼= Nat(Vect(k,−)⊕I , X)

C(ι(δi), X)i∈I : C(ι(k⊕I), X)→ C(ι(k), X)I "is" actually Nat(−, X)
applied to Vect(k,−)⊕I ↪→ Vect(k,−)I

A3 thus says Nat

(
Vect(k,−)I

Vect(k,−)⊕I
, X

)
= 0.
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The category of all strong vector spaces

Theorem 2

There is a universal r.c.s.v. ι : Vectop → ΣVect, i.e. with the property that

for every r.c.s.v. ι′ : Vectop → C there is a (unique up to a unique

isomorphism) η : C → ΣVect s.t. ι ∼= η ◦ ι′

Vectop ΣVect

C

ι

ι′ η

Moreover up to equivalence ΣVect is{
X ∈: ∀λ ∈ Card, Nat

(
Vect(k,−)λ

Vect(k,−)⊕λ
, X

)
= 0

}
.
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.

X ∈ Ind(Vectop) i� its category of elements is �nally small.
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The category of all strong vector spaces

Theorem 2
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In particular ΣVect is re�ective in Ind(Vectop) and hence small-bicomplete.
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Arities for strong vector spaces

De�nition

Say that X ∈ [Vect,Vect]k is λ-ary if it is a left Kan extension of a
k-additive functor de�ned on the category Vectλ of vector spaces of
dimension < λ.

Remark: X is small if and only if it is λ-ary for some λ.

Lemma 3

X ∈ ΣVect ⊆ [Vect,Vect]k is λ-ary i� whenever (xi)i∈I ∈ (Xk)I is

summable one has |{i ∈ I : xi 6= 0}| < λ.

→ (by a simple pigeonhole-argument) every X ∈ ΣVect is |Xk|++-ary.
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About the re�ection (i)

The following are equivalent for X ≤ Y ∈ ΣVect

the inclusion X ≤ Y re�ects summability and sums of summable
families (it is a "closed Σ-embedding")

the inclusion X ≤ Y is right orthogonal to the natural inclusion
aλ : Vect(k,−)⊕λ ≤ Vect(k,−)λ for every cardinal λ.

X ≤ Y is a kernel in ΣVect.

ForM = ⊥(Epi ∪ {aλ : λ ∈ Card}), (M⊥,M) is an orthogonal
factorization system on Ind(Vectop) and theM-factor of f : X → Y can
be computed as S∞(f) := ker(Y → R∞(Cokerf)) where R∞ is the
postcomposition of the re�ector with the inclusion
R∞ : Ind(Vectop)→ ΣVect ↪→ Ind(Vectop).
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About the re�ection (ii)

If (R, σ) is the obvious approximate re�ector

σX : X → R(X) := Coker
(
{g : Coker aλ → X}λ∈Card

)
the corresponding approximate S (restricted to ΣVect) performs the
operation of sending an arrow f : X → Y to a subobject of Y whose
points are all in�nite sums of summable families in the image of X. This in
particular motivates the question: what is the minimum ordinal α such that
RαX = R∞X. It is easy to see that if X is λ-ary then Rλ = R∞.

Theorem 4

If X is ℵ1-ary then R∞X = RX.

Lemma 5

If dimV = ℵ0, H < V ∗ has the form Span{δBb : b ∈ B} for a basis B of

V if and only if dimH = ℵ0 and H is separative (i.e.
⋂
ξ∈H ker ξ = 0).
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Monoidal closed structure

Ind(Vectop) is abelian and has a natural monoidal closed-structure induced
by the one on Vectop.

(X⊗̂Y )(V ) ∼=
∫ H0

∫ H1

X(H0)⊗ Y (H1)⊗Vect(H0 ⊗H1, V )

Hom(X,Y )(V ) ∼=
∫
H0

∫ H1

Vect
(
XH0, Y H1 ⊗Vect(H1, H0 ⊗ V )

)
They both restrict to ΣVect (no re�ection needed for −⊗̂−!).

The two operations also restrict to BΣVect with fairly explicit descriptions.
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Topology

A linearly topologized vector space is a topological vector space (V, τ)
whose topology has a local basis at 0 consisting of subspaces. It can be
identi�ed with the pair (V,F) where F is the �lter of open subspaces. The
topology is separated if and only if

⋂
F = 0.

Theorem 6 (Lefschetz)

The assignement LV = (V ∗,weak ∗-topolgy), L(f) = f∗ de�nes a full

faithful functor L : Vectop → TVects and its essential image consists of

the linearly compact spaces.

The functor TVects(L,−) : TVects → [Vect,Vect]k factors through the
inclusion Ind(Vectop) ⊆ [Vect,Vect]k and the left adjoint of the factor is
the left Kan extension of L along the Yoneda embedding
Y : Vectop → Ind(Vectop). The associated monad is idempotent and
induces an equivalence between the "separated K-spaces" and a re�ective
proper subcategory of ΣVect ⊆ Ind(Vectop).
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Some questions left

give an example of separated K-space which is not of the form k(Γ,F)

characterize those X which are in BΣVect

can we describe the strong linear Kähler di�erential of the Hahn �eld
k((xR))?

ΣVect is the free part of a torsion theory, is the torsion part
{X : ∀Y ∈ ΣVect, Nat(X,Y ) = 0} interesting?
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Thank you :)
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