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ABSTRACT. We derive multiple program logics, including correctness, incorrectness, and relational Hoare
logic, from the axioms of imperative categories: uniformly traced distributive copy-discard categories. We
introduce an internal language for imperative multicategories, on top of which we derive combinators for an
adaptation of Dijkstra’s guarded command language. Rules of program logics are derived from this internal
language. Extended version available at

Program logics. Program logics are sets of derivation rules used to reason about program behaviour under
input and output conditions. Statements are written as triples {p} ¢ {¢} of a command ¢, a precondition p
and a postcondition q. The semantics of such a triple, though, depends on the behaviour one is interested
in studying. For program correctness, intuitively, the triple is valid if, starting on input states that satisfy
p, the output states of the program satisfy ¢q. For example, the following rule of Hoare logic derives a
correctness triple for a loop from the correctness triple of its body.

{oAp}e{p}
{p} whilebdoc{(=b) A p}

However, correctness is only one of the possible triple interpretations; intensive research has produced logics
for a myriad of triple interpretations, and for multiple program semantics.
Program logics start by fixing a semantics for their commands, an interpretation for their triples, and

derivation rules for its logic. Command semantics can be partial | , ], relational | , ]
or stochastic [ , , ]. Triples can capture program correctness | ], incorrect-
ness | ] or quantitative aspects of execution | ) ]. After these two choices, the

logic is completed with a set of derivation rules that capture the relevant behaviour and are sound for the
intended semantics. While they appear to follow some general pattern, the rules of program logics are
defined on a case-by-case basis.

Imperative categories. We propose the algebraic structure of imperative categories—a variant of Elgot
distributive categories—as a foundation for program logics. An imperative category is a distributive copy-
discard category that is enriched in posets and that has a posetally-uniform trace for the coproduct. From
the axioms of imperative categories, we derive the usual rules of various program logics. The rules about
program compositions derive from the categorical structure, those for if-else statements from coproducts
and those for while loops from the uniform trace; the monoidal copy-discard structure gives the rules about
variable assignment and sampling, and also allows us to capture relational program logics by considering
monoidal products of programs. From the models of imperative categories, we expand the scope of these
rules beyond a fixed semantics. The categorical structure is common to the usual relational, partial, and
probabilistic semantics, while remaining more general. In particular, the rules that we derive are sound in
the categories of sets and partial functions, sets and relations, sets and stochastic maps, standard Borel
spaces and measurable stochastic kernels.

Imperative categories come with an internal language that we develop and employ through the paper: an
internal language that mimics unstructured programming, with arbitrary jumps to labelled looping points
(marked by “loop” followed by a label). Unstructured programming is needed for full expressivity, but
certainly not always desirable | ]; in fact, while unstructured and typed, the internal language is actu-
ally inspired by a structured and untyped one: the famous Dijkstra’s guarded command language [ ].
Dijkstra’s command language is recovered from the endomorphisms of imperative categories.
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